Magneto-oscillations of thermal conductance observed recently by Eisenstein, Gossard, and Narayanamurti in GaAs/AlxGal-xAs heterostructures at low temperatures are studied theoretically. We calculate the thermal-phonon lifetime limited by the scattering with Landau-quantized electrons at high magnetic fields. The calculation includes (i) both piezoelectric and deformationpotential couplings as the sources of electron-phonon interaction, (ii) Landau-level broadening with a Gaussian profile function, and (iii) magnetic-field-dependent screening effects. The results are compared favorably with the experimental data. In particular, the screening effects are crucial to explain both the magnetic field and temperature dependences of the observed thermal conductance.
Two-dimensional (2D) electrons formed at metaloxide-semiconductor interfaces (e.g., inversion layers) and GaAs/ Alx Ga,_ x As heterojunctions reveal a number of interesting physical properties. In particular, an external magnetic field applied perpendicular to the interfaces yields pronounced oscillatory behaviors in various quantities related to electrical, magnetic, and thermal properties.' In recent years 2D electron-acoustic-phonon interaction in these systems has been studied extensively by different techniques. 2 -6 Among these techniques, we are especially interested in the observation by Eisenstein, Gossard, and Narayanamurti of magneto-oscillations in the low-temperature thermal . conductance of GaAs/ AlxGa'_xAs multilayers which contain 2D electrons. 4 Because pure electronic contribution to the thermal conductance in these systems is estimated to be negligibly small, the oscillations are believed to arise from a modulation of thermal-phonon lifetime via coupling to the Landau-quantized electrons confined in the quantum wells of GaAs. In this regard, their measurements are expected to provide important information on the 2D density of states (DOS) of electrons as well as 2D electronphonon interaction with magnetic-field-dependent screening effects in GaAs/ Alx Ga,_ x As heterostructures.
In the present work we shall theoretically study both the magnetic field and temperature dependences of the thermal conductance observed experimentally. This will be carried out by calculating thermal-phonon lifetimes, limited by the interaction with 2D electrons under the strong magnetic fields. The calculation incorporates (i) both piezoelectric and deformation-potential couplings as the sources of electron-phonon interaction, (ii) Landaulevel broadening with a Gaussian profile function, and (iii) magnetic-field-dependent screening effects in the long-wavelength .!lpproximation. Now we shall consider the thermal conductance in a system with GaAs/ Alx Ga,_ x As multilayers deposited on a GaAs substrate. Although their direct contribution is very small (typically 1 part in lOS of the phonon contribution at 0.5 K,4 the 2D electrons in the heterolayers can influence the heat conduction through the electron-phonon interaction. Let K and BK be the lattice thermal conductance of the system and its modulation due to the electron-phonon coupling, respectively. Then, we have (l) where B(AT) and AT are the temperature differences between thermometers induced by the electron-phonon coupling in the heterolayers and other scattering mechanisms present in the whole system, respectively. The experimental result shows that the magnitUde of Eq. (l) is of the order of 10-2 or less. 4
The expression for the thermal conductance BK per unit volume is derived from the argument based on the Boltzmann equation as 7 BK= -~l:(,l'tPh)-'-riCPhVX.COS2tP" ,
"
where Vis the normalization volume, A=(q,j) reg,resents both wave vector q and mode j of phonons, 1'e-p and T are the lifetimes of phonons limited by the electronphonon interaction and scattering mechanisms other than that, v is the sound velocity, and tP is the angle between the temperature gradient and sound-velocity vector. In this equation the heat capacity C ph per normal mode of phonons is defined by
The thermal conductivity of pure dielectric solids at low temperatures is determined by boundary scattering. This leads to 7
where A is the phonon mean free path due to the boundary scattering [we assume that A is the same for both the longitudinal (L) and transverse (T) phonons, i.e., A=V"T,,] and (v-2)=l:jVj-2/3=(vL"2+2vi2)/3 in 8485 © 1989 The American Physical Society the isotropic approximation we employ. The measured thermal conductivity in GaAs/AlxGal_xAs systems usually exhibits well the predicted T3 dependence at temperatures below 3 K.8,9 According to this formula the experimental thermal conductance (in the sample 2 of Ref. 4) gives A=1.2 mm, and 1'L=2.3XlO-7 sand 1'T=4.0X 10-7 s for Land T phonons, respectively. Thus, our main subject is to calculate the phonon lifetime 1' eph against scattering. by 2D electrons. Here it should be remarked that the relative magnitude of (l'e-p h)-1 to 1'-1 is proportional to Bd Id, where d and Bd are the thicknesses of the sample and heterolayers, respectively. Hence, it is convenient to introduce 1' eph defined by 
where (rph ) -I represents the scattering rate of phonons by 2D electrons in a unit period of the multilayer GaAs/AlxGal_xAs system.
In a magnetic field iJ applied normal to the interfaces of heterolayers (along the z axis), the transverse 2D motion (in the x-y plane) of electrons is quantized and the energy spectrum is split into discrete Landau levels with energies (6) where we =eB 1m * is the cyclotron frequency (m * is the effective mass), n is the Landau index, g * is the effective g factor, u( = ± I) denotes the orientation of electron spin, J.LB is the Bohr magneton, and Eo is the energy of the ground subband associated with the motion along the z direction in the GaAs quantum well. The energy of the first-excited state, E I' of the confining potential is typically 40 meV above Eo (for the quantum-well thickness d w = 150 A), and for a 2D electron concentration of about 5X 10" cm-2 the Fermi energy (E F ""'20 meV) locates well below E 1.1 Using the Land~u gauge with vector potential A= (O,Bx,O) , the wave function associated with the energy (6) is where K=(n,u,k) is a set of quantum numbers of electrons, u is a wave function of a simple harmonic oscillator centered at the coordinate X= -1 2 k with magnetic length 1= (fzl eB) 1/2, 4>0 is the subband wave function, and Ly is the normalization length in the y direction.
[The energy (6) is degenerate with respect to the wave number k.] The spin part of the wave function is suppressed in Eq. (7). Here we note that for electrons in the lowest subband the wave functions are well localized in each quantum well. However, the situation is somewhat different for phonons because they are extended in the whole system.
In the systems consisting of alternating GaAs and AlxGal_xAs multilayers, or superlattices, mml-Brillouin-zones are formed due to the introduction of artificial periodicity much longer than lattice spacings in the direction normal to the interfaces (i.e., zone-folding effects).lo The phonon dispersion relations are modified by the appearance of frequency gaps at the center and edges of minizones. However, in the samples with periodicity of about 500 A used in the experiment, the lowest-frequency gap (corresponding to the first-order phonon Bragg reflection) appears at a frequency around 50 GHz for normal propagation. On the other hand, in the experimental temperature range (0.1-1 K) the dominant frequencies of thermal phonons are 6-60 GHz. Hence, the modification of phonons by the superlattice periodicity should have only small effects on the electron-phonon interaction in the present situation. In addition, the elastic properties of AlxGal_xAs alloys are close to those of GaAs. Accordingly, we can approximate thermal phonons in this system by bulk acoustic phonons in GaAs. Now taking these considerations into account, the scattering rate of phonons by the interaction with 2D electrons at low temperatures becomes
where M is the matrix element for the electron-phonon interaction and D K denotes the DOS of electrons in the states specified by K. First, we shall consider the matrix element M. Explicitly, it takes the form
where P is the mass density and:: stands for the momentum representation of the sum of the deformation and piezoelectric potentials, i.e.,
In this equation, C (=7 eV) is the deformation potential, e is the phonon polarization vector, and h 14 ( = 1.45 X 10 9 V 1m) is the piezoelectric constant. II At temperatures below 1 K, the piezoelectric coupling dominates the deformation-potential coupling as we shall see below.
The wave function associated with the state IK) in Eq. (9) is given by Eq. (7). Thus the evaluation of the matrix element yields, for the intra-Landau-Ievel transition (n _n) (besides an unimportant phase factor), I (Kleiq.rIK') =exp( -qW 14)Ln(q~12 12) XF(qz)Bu,u·Bk,k·+q), ,
where q: =ql+q;, Ln is the Laguerre polynomial, and F(qz) is the form factor defined by
which acts to cut off the electron-phonon interaction for qzd w > 1, i.e., for the z projection of thermal-phonon wavelength much shorter than the z extent of the lowest subband wave function. This implies that for d w "'" 100 A the form factor becomes important for phonon frequencies higher than 50 GHz or the corresponding tempera-tures T> O. 8 K, while at low temperatures below 0.8 K we can set F = 1.
It is important to note, here, that in the experimental temperature range 0.1-1 K no phonons which can contribute to inter-Landau-Ievel transitions are excited since the typical energies of phonons and inter-Landau-Ievels are 0.3 meV (at T = 1 K) and 2 meV (at B= 1 T), respectively. Hence, only intra-Landau-Ievel transitions are responsible for the phonon scattering by 2D electrons. These transitions are indeed possible owing to the broadening of Landau levels in the presence of scatters; otherwise the sharp Landau levels prohibit the possibility of such transition.
The characteristics of Landau-level broadening directly reflect in the DOS and through Eq. (8) they play substantial roles in determining the scattering rate (r eph ) -I. Thus, the level broadening manifests itself in various observed effects. More specifically, in the presence of the scatterers of electrons the DOS of 2D electrons i5 =~,l) K is not simply a series of well-separated 8 functions. The finite width of a Landau level is determined by the strength and the range of the scattering potential in the system. Many different approximations have so far been used to calculate the physically plausible level broadening. 12 -16 Current theoretical I , \3 and experimen-ta1 17 ,18 investigations suggest that in the presence of strong magnetic fields the DOS is a sum of Gaussian functions with a level width proportional to B 112. Thus, we employ
r 2r (13) where r=rBI12, and r is a coefficient independent of magnetic field. The degeneracy of energy (6) with respect to the wave number k of electrons assigns an orbital degeneracy (21T1 2 )-1 to each Landau spin sublevel indexed by (n,v-) . Now, the thermal conductance 8K due to 2D electronphonon interaction in the heterostructure is basically calculated from Eqs. (8)-(13). However, we further have to consider the screening effects of electron-phonon interaction because the wavelength of the relevant phonons is very long. An important aspect of the screening is the fact that the screening length is determined by the DOS at the Fermi level and hence it oscillates with magnetic field. 14 ,15,19 More explicitly, the screened potential is given by BA/E(qll)' where the dielectric function E(qll) takes the form e 2 E(qll)= 1 +-_-II(qll )j(qll) . 2EoKqll (14) In this equation, j(= 12.9 is the static dielectric constant, II is the static polarizability, and j (q II ) is defined by
In order to take account of the magnetic field dependence of the screening semiquantitatively, we assume the longwavelength approximation for the polarizability, i.e., I1(qll =0)=i5 (E F ).14,19 Thus the screening is very effective if a Landau level is nearly half-filled, and it breaks down if the Landau level is either completely filled or empty. We shall find that this property of the screening of electron-phonon interaction is crucial in understanding experimental findings. Figure 1 displays the calculated magnetic field dependence of 8(AT)/AT at 0.35 K. The numerical calculation was performed with the same parameters given by Eisenstein et al. for their sample 2, e.g., d =48 j.tm, 8d = 2. 7 j.tm, the number of periods is 50 and 2D carrier density Ns =5. 3 X 1.0 11 cm -2.4.20 In our calculation the unknown prefactor r of the Landau-level width was varied as a parameter and spin gaps were neglected. The oscillations of thermal conductance are well reproduced. Local maxima (minima) of 8(AT)/AT occur at the magnetic field for which the filling factor 'T/=21T12Ns becomes an odd (even) integer value, or when the Fermi level E F lies in a spin gap within a given Landau level (E F lies in a gap between neighboring Landau levels). A large level width r of the order of 1 meV yields a nonvanishing DOS at energies between Landau levels, producing nonoscillatory background for 8( AT) / AT.
The trace of Fig. 1 (a) is a result obtained without screening effects, whereas the traces of Fig. 1 (b magnetic fields (B > 7.5 T), which is inconsistent with the experiment. More seriously, comparing with the experimental data, the amplitude of oscillation in Fig.Ha) is about 35 times larger than the experiment [from experimental data the amplitude of oscillation of D( Il T) lilT is 0.015 at B =4.5 T],4 while in the results including the screening effects the magnitudes are in accord with the experiment within a factor of 2. The importance of the screening effects will also be recognized by plotting the modulated temperature difference D(IlT) as a function of the ambient temperature of the sample. Figure 2 displays the temperature dependence of the oscillatory amplitude, D( Il T)ose' caused by the electronphonon interaction, which can be directly compared with the experiment. The plotted D(IlT)osc corresponds to the difference between the local maximum of the temperature difference at B = 4.5 T and its neighboring local minima, or more accurately
Here, we have chosen y=1 meVT-1/2 because the sample 2 used in the thermal-conductance measurement is practically identical to the sample A used in the magnetization measurement,18 and the latter result was fitted favorably with the same y. The solid line at the top is the result obtained without screening, which exhibits the temperature dependence close to a T-4 power law. This temperature dependence is much stronger than T-3 be- havior, which the experimental D(IlT)osc approximately obeys from 0.2 to 0.8 K. [The extra T-1 contribution multiplied by T-3 (due to the temperature dependence of the specific heat c;;;, 1 ) comes mainly from the Gaussian factor of Eq. (11) .] More importantly, this calculation overestimates the strength of D( Il T)ose by more than 1 order of magnitude at temperatures below 1 K. In these respects, it is interesting to see whether the screening effects lead to a correct temperature dependence of D( Il T)ose in addition to the overall magnitude.
The bold solid line in Fig. 2 shows the result including screening effects, which describes semiquantitatively the expected temperature dependence as well as the magnitude. The small oscillation of D( IlT)osc versus temperature arises from the Laguerre polynomial in Eq. (11) . The corresponding oscillation is also observed experimentally, though it is much weaker than the theory. In obtaining Fig. 2 , we used the expressions of the form factors F(qz) and f(qll) calculated from the simplest form cPo(z)=(2Id w )1I2sinCrrz Id w ) for the subband wave function with d w = 140 A. (Comparing with the results with F = f = 1, we recognize that the effects of the form factors F and f become noticeable at temperatures higher than 0.5 K [F acts to decrease D(IlT), whereas f acts to increase it].)
We have also plotted in Fig. 2 the contributions of both T (two branches are degenerate) and L modes to D(IlT)osc. The predominance of T modes relative to L mode at low temperatures is attributed to their pronounced DOS. At high temperatures (T > I K), however, the L-mode contribution becomes important due to the increase of deformation-potential coupling. The dashed lines in Fig. 2 indicate D(IlT)osc obtained when the deformation-potential coupling is turned off. Note that, in the isotropic approximation, only L phonons interact with electrons via the deformation potential.
To summarize, we have calculated the thermal conductance, or, more accurately, the temperature difference in GaAs/AlxGa1_xAs heterostructures caused by the scattering of thermal phonons by 2D electrons at high magnetic fields. Screening effects are essential to reproduce quantitatively both the magnetic field and temperature dependences of thermal conductance below 1 K. Our calculation is consistent with the Gaussianbroadened Landau levels with level width r = ( 1 me V T-1 12)B 112. This is in accord with the result of magnetization measurement made with the sample practically identical to that used in the thermal conductance measurement.
More quantitative comparison of theory with experiment necessitates the inclusion of additional effects andlor an elaboration of the approximations we employed. One of them is related to spin gaps we neglected in the present calculation. Experimentally, a small dip in D(IlT) is observed at B =7.3 T or the corresponding filling factor T/ = 3. This is attributed to the decrease of the DOS between spin doublets in the corresponding Landau level (n = 1). Preliminary study suggests that in order to reproduce this small dip a large enhancement of the g factor, e.g., g* > 5, is needed. It is now well established that g * oscillates with magnetic field and its mag-nitude should be determined self-consistently with the filling factors of spin sublevels. I ,21,22 In the present calculation we assumed the same energy width r for different Landau levels, though the level width generally depends on the Landau index n. The recent studies based on the self-consistent scheme show that the lower Landau levels are slightly broader than high levels. 14, 15 Such n-dependent level broadening should also affect the screening effects through the DOS at the Fermi level. Thus, thtdnc1usion of the n dependence of level width will modify to some extent the relative magnitude of oscillatory amplitudes S(.6. T)osc at different integer-filling factors. The elastic anisotropy of constituent layers of the heterostructure is another important factor to be taken into account. The significant anisotropy of phonon energy flux called "ballistic phonon focusing" exists in elastically anisotropic media and it has been reported that this focusing effect has some influence on the magnitude of thermal conductance in the boundary-scattering re-
